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Abstract

Bandwidth is becoming commoditized and markets are starting to appear. Potential behaviors of these markets are
not yet understood because these markets are still in the early stages of development. This is reflected in the lack of
current research on the structure and dynamics of network commodity market prices. We present a method for con-
structing telecom commodity spot price processes as a first step for understanding these developing markets. Band-
width, like electricity, is not storable so we draw inspiration from electricity prices and models. However, unique
network features of telecommunications require specific inclusion. These are geographical substitution (arbitrage),
quality of service (QoS), and the continuing pace of technological development. Developing liquidity acts as a further
complication. Thus we model price development as a combination of link price processes modified by prices for
equivalent QoS routes. We demonstrate our method on a simple triangular network topology and characterize a
network contract graph derived from more than 10 major carrier backbones and new entrant networks. Our results
cover the existence and value of arbitrage opportunities together with their effect on price development and network
value (NPV). Application of this work ranges from network design to infrastructure valuation and construction of real
options. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction We present here a model for spot price devel-

opment of commodity bandwidth contracts. For

Bandwidth is becoming commoditized and
markets are starting to appear, developing as an
extension of phone-minute trading (see [15] for an
introduction). Typical companies involved include
Enron Broadband, Williams Communications and
newer specialized companies such as LightTrade,
RateXchange, Band-X, GTX, Arbinet, AIG, and
Bandwidth Market. Estimates of potential market
size range as high as a good fraction of $700B. '
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E-mail addresses: chk@zurich.ibm.com (C. Kenyon),
gic@zurich.ibm.com (G. Cheliotis).
! http://www.derivativesstrategy.com/magazine, August 2000.

concreteness the reader may imagine that a stan-
dard commodity point-to-point bandwidth con-
tract is for T3 (45 Mb/s) capacity (with defined
delay, jitter, packet loss, etc.) and several time-
scales of contracts are available with standardized
starting times (e.g., every 15 min/h at:00/day at
00:00) and lengths. This model is applicable for the
following uses: price forecasting in a network
context; valuation of network infrastructure ap-
plicable to investment or swapping; as an input for
pricing derivative contracts. We demonstrate the
first two uses in a simple network. Price volatility
is a key input to derivative pricing and we examine
this as well.
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Potential behaviors of bandwidth markets are
not understood because these markets are still in
the early stages of development. This is reflected
in the lack of current research on the structure
and dynamics of network commodity market
prices. We present our expectations for the styl-
ized features of these commodity prices and a
method for constructing telecom commodity spot
price processes. Bandwidth, like electricity, is not
storable so we draw inspiration from electricity
prices and models. However, we argue that un-
ique features of telecommunications require spe-
cific inclusion in spot price process modeling.
These are geographical substitution (arbitrage),
quality of service (QoS), and the continuing pace
of technological development. Developing li-
quidity acts as a further complication. Liquidity
refers to the ease with which partners for trades
at a given price can be found. Geographical ar-
bitrage means that spot price development on
point-to-point links cannot be understood in
isolation from price development on alternative
routes with equivalent QoS. This implies some
form of price modification derived from load
balancing across appropriately specified QoS-
limited alternative routes. Technological devel-
opment continually pushes prices down as new
equipment is installed by competitors. So, unlike
other commodities, the prices revert towards a
mean whose drift is strongly structurally down-
wards. Market liquidity is quantified as the extent
to which geographical arbitrage modifies link
prices. Hence we model price development as a
combination of link price processes modified by
prices for equivalent QoS routes.

We present a method for constructing telecom
commodity spot price processes as a first step for
understanding these developing markets. We
demonstrate our method on a simple triangular
network topology and characterize a network
contract graph derived from more than 10 major
carrier (e.g., AT&T) backbones and new entrants
(e.g., Level3, Enron). Our results cover the exis-
tence and value of arbitrage opportunities together
with their effect on price development and network
value (NPV). Application of this work ranges from
network design to infrastructure valuation and
construction of real options.

2. Previous work

Modeling of telecom prices is in its infancy,
which reflects the immaturity of bandwidth as a
commodity. Chiu et al. [8] proposed using Pilip-
ovi¢’s pricing model (see [22,30]) from energy mar-
kets, which is very similar to that developed by
Schwartz and Smith [28] for general commodities,
which in turn was exactly equivalent to an earlier
model [26] under a linear transformation of pa-
rameters. The observations of congestion on the
Internet suggest, however, that even for single links,
these models are insufficient because they do not
include spikes or jumps in prices. Price spikes are
particular features of electricity prices, for which
some modeling has been done [10,11]. Jumps are a
feature of oil prices and have been included in a
model sponsored by an oil company [13] as well as in
numerous academic studies going as far back as[19].
We take the view that a price spike will also repre-
sent a (local) change in the price equation itself and
thus we can draw from the regime switching litera-
ture [1,12]. The latter paper is of special interest as it
incorporates feedback. We also use feedback in the
sense that the size of a spike sets the new mean until
the spike has passed.

Quite apart from link price processes in isola-
tion there is the question of network effects in the
sense of interactions. We are neither referring here
to the “more compatibility is better” notion nor to
that of increasing returns ‘“network effects” in
economics (e.g., [14]). The most important net-
work effect here is geographical arbitrage, i.c., the
existence of many prices for end-to-end capacity at
equivalent QoS. This has been observed in the
market as reported by Cheliotis [6]. Detection of
such arbitrage opportunities is in general an NP-
complete problem based on shortest path algo-
rithms with side constraints. However Cheliotis [5]
described a variety of pseudo-polynomial time al-
gorithms that result from quantization of these
constraints as is to be expected under commoditi-
zation. Chiu and Crametz [7] is related in that they
showed that geographical arbitrage opportunities
could exist in the forward market even with a no-
arbitrage situation in the spot market.

Lastly mention should be made of the vast
computer science literature on price setting for
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network resources in order to achieve a given aim,
e.g., social welfare maximization [25], cost alloca-
tion [9], congestion control [23], etc. [27]. We ap-
proach price dynamics from a completely different
direction in that we start by modeling the price
process rather than modeling supply and demand
and then solving for the best price in some sense
relative to a given network.

As far as the authors are aware there has as yet
been no investigation of the expected telecom
commodity price dynamics using plausible link
price processes together with modifications due to
network effects. This is the subject of the current

paper.

3. Factors

Bandwidth is a geographically distributed
commodity, and the major long-distance suppliers
form an oligopoly. Here we list and discuss factors
that may affect telecom commodity pricing in
comparison with other commodities, primarily
electricity. >

Geographical arbitrage. This means that, given
the same QoS, the cheapest of all available routes
will set the end-to-end price in a competitive (lig-
uid) market. This is because the actual route is
irrelevant with respect to data transport, as long as
certain QoS requirements are met. The set of
routes connecting two given geographical loca-
tions at the same QoS level are perfect substitutes.

Unlike in electrical networks — an electrical
network flow being a whole — individual flows do
not have alternative routes (except in the sense that
aggregate flows can be divided logically in different
ways). Thus an electricity network is a coherent
whole, with energy flowing according to well-un-
derstood laws of physics (Kirchoff’s law, etc.). The
bandwidth market has no corresponding inherent
large-scale feature. The requirement that supply
and demand must balance in electricity leads di-
rectly to pool-type price discovery mechanisms
(markets). In data transmission, routing/switching

2 The PSERC archive contains an excellent collection of
research on deregulated electricity markets at www.pserc.wisc.
edu.

protocols state the laws for the formation of flows.
The choice of protocols and the possibility to
combine several complementary technologies al-
low a much higher degree of flexibility and control
over data routing. This degree of control is indeed
necessary for the design and operation of efficient
data networks and obviates any requirement for
centralized pool pricing.

Electrical power networks are a means of dis-
tributing energy, with energy being the traded as-
set in the electricity market, whereas data
networks are themselves the underlying commod-
ity of every bandwidth contract.

Supplyldemand disassociation. This refers to the
fact that the good that is in demand is not usually
the one supplied. In electricity the demand is for
power at, say, one location but the power is usu-
ally supplied from another location. This has been
a particular problem in some markets where power
was available at one location but, for congestion
or legal reasons, could not be transported to where
it was needed.

In bandwidth, demand is for end-to-end service
but the actual supply of the good is — at a physical
level and investment level — on a link-by-link basis.
Certainly, collections of links are owned by single
entities, so for subsets of the entire network, in-
vestment policy will have some coherence. Also
new links can be created, but the disassociation
remains.

Network externalities. This is the increasing
economies of scale argument where the utility of a
service grows, the more people — or devices — are
attached. In general the utility growth is some
power of the number of users, not simply a linear
effect [29].

This increasing economies of scale, if it is pre-
sent at all electricity networks, is a linear or sub-
linear phenomenon. More users of electricity
means a bigger market for electrical devices but
there is little interaction. Also the market in the
developed world is basically saturated. The open-
ings for new consumption of electricity are very
limited. On the contrary, demand for bandwidth is
continuously increasing, largely due to network
externalities.

Note that we use the term network effects rather
than network externalities later to describe the
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effect of geographical arbitrage on price develop-
ment.

Non-storability. Inventories act to smooth
variations in supply and demand. When no in-
ventories exist, prices can jump if supply or de-
mand changes suddenly. Prices can also changes
suddenly when the perception or expectation of
supply or demand status suddenly changes.
Bandwidth is non-storable so price jumps and
spikes (in both directions) are to be expected.

This is a determining factor in electricity price
modeling. Jumps and especially spikes are ob-
served often deriving from weather events (e.g.,
summer 1998, 1999 in Texas, Australia, Califor-
nia) sometimes in combination with equipment
failures. In fact even in commodities where storage
is possible, like oil, large-scale political events can
still cause jumps and spikes in prices. Oil demon-
strated a spike in 1990 during the Gulf War and
several jumps, in both directions, depending on
changes in OPEC policies from 1973 to the pre-
sent.

Trading and settlement timescale. In some elec-
tricity markets, 30-min and even 10-min blocks are
priced, traded and settled. To date, bandwidth
contracts have had the character of the regulated
electricity industry in that monthly or annual
contracts are the norm. With universal trading
contracts (i.e., bandwidth deregulation and con-
tact feature standardization) and carrier-neutral
pooling points we expect this to change and ap-
proximate the electricity market much more clo-
sely.

Liquidity. Currently the bandwidth market is
less liquid than the electricity or indeed any other
commodity market. Trading volumes are increas-
ing, and ongoing deregulation of the industry
along with universal trading contracts will con-
tribute to higher levels of liquidity. In any case, we
do not expect all traded locations to be equally
liquid in the future.

Demand inelasticity. Provided that most con-
sumers do not react to the timescale of market
trading and settlement this will be a feature of total
point-to-point demand on this timescale. On an
individual link basis, demand will be elastic thanks
to automation technologies, such as software
agents, electronic auctions (e.g., [24]) and least-

cost routing, which allow fast switching between
substitutes (alternative paths). This elasticity will
exploit and contribute to market liquidity. Inelas-
tic demand is a current feature of short-term (days
to weeks) electricity markets.

We are being cautious when assuming inelastic
point-to-point demand and do so because we ex-
amine network effects which involve only demand
shifting between substitutes, not changes in total
demand. This is why in the analysis that follows we
assume that point-to-point demand is conserved,
whereas generally demand for a particular substi-
tute is fairly inelastic but not necessarily com-
pletely inelastic.

Growth. The Internet, and network bandwidth
available, have had periods of 100% growth every
3—4 months. In the past few years this has slowed
to only 100% per year. In addition enormous
amounts of dark fiber are being laid to take ad-
vantage of and push further growth. * The energy
industry is growing at a much slower rate than the
Internet, or indeed, bandwidth. In fact energy
growth in the First World is barely 5% per year, if
that, partly because of increasing efficiency.

Deregulation. In the bandwidth market there is
currently a transition between mostly closed pro-
prietary networks (such as those owned by Quest,
MCI Worldcom, Level3, AT&T, Enron, etc.) and
interoperability. This interoperability takes the
form of a common infrastructure layer (e.g., IP),
open public points of interconnection and univer-
sal trading contracts (UTC) with QoS guarantees.

These UTCs will have effects that mirror those
of deregulation in the conventional utilities mar-
kets. These markets have been deregulated over a
period of years and in a highly heterogeneous
fashion. We may expect to see this same patchy
development in bandwidth. However instead of
geographically restricted patches there will be in-
creasingly linked interconnection points.

Technological development. This is a dominant
factor in bandwidth development encompassing
two related areas: bandwidth and switching/rou-
ters. Bandwidth increases with both the increase in
packing down a single wavelength and with the

3 See Phone + magazine 12/18/2000.
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increase in the number of wavelengths that can go
down a single fiber (Dense Wavelength Division
Multiplexing, DWDM). Switches are inherently
parallel devices so they also exhibit a combined
improvement: they improve as chips improve, and
they improve with packing multiple switching
units. A transition to all optical switching is ex-
pected within the next 5-10 years. The combined
effect of technological development and competi-
tion is a continuous drop in the cost of trans-
porting a Megabit per second per mile.

Technological development is today almost ir-
relevant in electricity markets. The only significant
new factor has been the development of small gas
turbines which have short response times (seconds
to minutes). However these are expensive and have
been built primarily as peaking units.

Capacity expansion. It takes a relatively long
time to build a new fiber network and many
months to put a new long-distance conduit in
place. However once the conduit is in place new
fibers can be pulled through (added) quite quickly,
say, in a few weeks. Also conduits can house dark
fiber (cable without the equipment necessary for
transmission). In addition, with multimode fiber
and DWDM, more wavelengths can be added to
those already present in a lit fiber. If new equip-
ment is required there is the added constraint of
manufacturing schedules. Thus different amounts
of capacity can be added over a range of time-
scales.

This is different from electricity where the fast-
est that significant new capacity can be added is
approximately one year for a small gas-fired tur-
bine (we ignore micro-turbines as having too low a
capacity to be relevant) to several years for a
thermal plant on a brown-field site to a decade for
a new green-field development.

Supply elasticity. Suppliers of bandwidth may
have significant flexibility in assigning network
resources towards the fulfillment of different end-
to-end contracts. This is due to routing and
bandwidth management tools which allow for a
number of different allocations, depending on
which contracts the supplier wishes to offer. The
amount of flexibility depends on the design of the
underlying network. Generally, a network with
more switching points will provide more flexibility

(at the expense of QoS, because more contention/
failure points are added).

In a similar manner, a power plant’s resources
can be assigned to different markets, but the allo-
cation problem is different since it occurs only at
one place, the plant, not on the distribution net-
work.

Supplyldemand balance. Utilization studies have
produced widely varying results for different parts
of the Internet and for private networks with re-
sults ranging from a few percent for some Internet
backbones to observations of congestion on some
links or switches on different days or at different
times of day. Some next-generation research net-
works and especially backbones offering higher
service quality are underutilized, but there is little,
if any, evidence that the same holds for other large
parts of the global infrastructure, such as corpo-
rate intranets.

This appears to be similar to electricity in gen-
eral with the observation of congestion, i.e.,
blackouts, in electricity markets, but the driving
factors are different. In electricity the biggest fac-
tors driving congestion are weather and equipment
failure. The latter occur rather frequently in data
networks.

Term structure of volatility. In commodity
markets in general one of the stylized facts is that
there is more volatility in the near-term forward
market than in the long-term forward market. It is
also usual that for non-investment commodities
this volatility does not asymptote to zero. In the
bandwidth market, whilst in some very long term
there may be stability, we consider it more likely
that within any reasonable planning horizon, say
up to 5 years, there are increasing levels of un-
certainty. So far prices are continuously falling
(with rare exceptions), but even if we were to as-
sume that this trend will continue, there is signifi-
cant uncertainty concerning the rate of decline
(both on a global and local level).

Positive prices. We assume that prices for
bandwidth are always positive. In energy, zero real
prices are observed. This is caused by large ther-
mal or nuclear plants that cannot ramp down as
quickly as demand can drop. Thus when demand
is very low and drops suddenly these plants may
give away power free as this is their only means of
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disposal. That is, in electricity, there is no free
disposal.

4. Price development

In the previous section we described factors that
are important for the development of bandwidth
prices in general. In this section we will consider
how these factors combine to give specific models
for traded commodities. The basic method is
shown in Fig. 1. The inputs to price development
are: the network graph of traded contracts G; the
initial link (contract) prices Gy,; the network
function f, which expresses how arbitrage oppor-
tunities are removed by market forces, and the
time constant t for their removal, i.e., the market
liquidity (see Section 4.2); and the stochastic pro-
cess models for each link (see Section 4.1). These
are finally combined in Section 4.4.

The price development that Fig. 1 describes is
that observed prices (the Market Observed Out-
come, G,) may contain arbitrage opportunities.
Market forces act both to remove the existence of
arbitrage and to disturb the prices via normal and
unusual information and changes in supply and
demand. These two processes in general combine
to produce the next set of observed prices. The

Gan Market Outcome Gan
Observation

Ginit No-Arbitrage )
[ Application H Disturbance ]
4 y
fr link price process

Fig. 1. Telecom commodity price development. Inputs are an
initial network graph Gi,; of traded contracts and their prices,
the network function f describing geographical arbitrage re-
moval by load balancing, the speed of geographical arbitrage
removal (market liquidity) 7, and the stochastic processes for
individual links (contracts). Arbitrage removal may be com-
bined with individual link price process. The prices observed in
the market G,, may contain geographical arbitrage opportu-
nities. See Section 4 for details.

arbitrage removal occurs relative to the observed
state of contract prices. However, as stated above,
other market forces are still acting and this occurs
at the same time. Thus the new state may not be
arbitrage free, even with high liquidity, because
there is always the potential for new arbitrage
opportunities to be created. In practice we may
model the two forces (geographical arbitrage re-
moval and “the rest”) separately or in combina-
tion. For simplicity we will first describe them
separately (Section 4.1 for link prices and Section
4.2 for geographical arbitrage and liquidity) and
then give a combined formulation (Section 4.4).

When considering bandwidth prices it is vital to
be precise with respect to defining the underlying
traded commodities. We model price development
at the link level. We consider links to be indivisible
contracts offered between pooling points. A pool-
ing point is a facility for the exchange of traffic at a
particular geographical point among trading
partners in the commodity market. Any party may
combine link contracts to form end-to-end con-
tracts. Equally any party buying such an end-to-
end contract may be able to split it according to
the pooling points along the route to create new
(link or multilink) contracts. Thus prices between
any pair of pooling points may be observed on the
market but these are formed from link prices. We
do not model multilink price processes directly.

We model link price development as a combi-
nation of three factors: link price changes, geo-
graphical arbitrage, and liquidity. If the market is
completely illiquid and if geographical arbitrage
appears, there will be no action by market partic-
ipants affecting prices to move the market in a
direction to remove these opportunities. That is,
traffic will not take the cheapest available route if
the market is illiquid. On the other hand in a
completely competitive, i.e., liquid, market, arbi-
trage opportunities will only last until the next
trade (at most).

4.1. Independent link price models

The independent link price process models the
evolution of prices on a link as if this link were
isolated. We describe below the introduction of
different forms of dependence. The realized prices



C. Kenyon, G. Cheliotis | Computer Networks 36 (2001) 533-555 539

in the market for the link are formed from these
price proposals together with geographical arbi-
trage arguments and liquidity considerations. For
the moment we are just interested in the link price
process. This represents, as far as possible, the
evolution of supply and demand of link capacity
that providers make available in the form of in-
divisible contracts between the link endpoints. We
first describe the generating equations and then
their rationale.

4.1.1. Independent link prices:. SRR model

Prices are generated for each link based on an
Orstein—Uhlenbeck process with the addition of
a process for the long-term mean, spike and jump
terms. We also incorporate limited regime
switching induced by the spike terms on the ef-
fective mean. We term this process a Shock-
Regime-Reverting or SRR process.

We make the hypothesis that if there were no
network then each link price S would develop as
follows:

X =log(S),
X =nX+GU —X)dt+adW + GdU + H dV,
dX = —vdt+pdz,

where U is a two-state {0, 1} semi-Markov pro-
cess, and we make an identification between the
states and the numbers zero and unity with rate
parameters Ay, y;; and

G- Gammal(gy,ay) if dU = +1,
T\ G otherwise.

Clearly Gamma stands for a Gamma distribution
with scale parameter g and shape parameter o,
thus Gamma(g, o) has mean ga and variance gu.
When U jumps from state {0} to state {1} then X
increases by G and the mean to which the process
is reverting also increases by G. When U jumps
from state {1} to state {0} then X decreases by the
same amount it previously increased and the extra
term in the mean is dropped. Thus a price spike is
created. The price will stay in its current state for
an exponentially distributed amount of time as
given by the rate parameters.

V is a Poisson process with rate parameter Ay
and

if jump up,

Gamma(gyp, oup)
H= r
if jump down.

—Gamma(gdown, %down)

Jumps may be equally probable in both directions
or not as determined by the probability of an up
jump pyp. These jumps act additively on the loga-
rithm of the spot price and thus represent a mul-
tiplication of the current spot price.

Here 7 is the speed of price reversion to the
average price X; o is the scale of the driving
Brownian motion of price change increments d I¥;
v is the (positive) instantaneous rate of average
price decrease, and there is an uncertainty about
this rate of size p (recall that X = logsS so we are
hypothesizing log-normal changes in S); dZ is a
Brownian motion uncorrelated with dW. Note
that X is merely called an average price in that it is
the price towards which S reverts. It is not actually
an arithmetic average in that sense.

Note that as there is no storage there is no re-
quirement that the process be a Martingale under
any particular risk-neutral measure, although this
could be arranged.

4.1.2. Link prices: rationale

We will now describe the price process in more
detail. First note that the process is a semi-Markov
jump diffusion with regime switching, thus the
present determines the future. We assume, as in
the original paper by Merton ([19] and at more
length in [20]), that ordinary market news moves
the price continuously and is responsible for the
basic driving Brownian motion d .

Commodity markets often show reversion to
some long-run mean, and we expect telecom to be
no exception. Hence the use of an Orstein—
Uhlenbeck process. However, in a significant de-
parture from non-manufactured commodities, e.g.
oil, wheat, etc., there are clear — non-zero — ex-
pectations on the speed of telecom capacity de-
velopment. We expect the long-run mean, X, to
mimic the technological development of commu-
nications capacity with its exponential improve-
ment (v). The degree of the exponential
improvement is not known but we may use an
estimate, for example from the IBM General
Technology Outlook. Whereas single-mode fiber
capacity has shown exponential growth, the
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development of multi-mode (DWDM) transmis-
sion has radically improved capacity. Other such
disruptive improvements are possible, e.g. long-
distance transmission with no repeaters, all optical
switching, etc. We model this uncertainty with the
scale, p, of the driving Brownian motion dZ.

Spikes in prices have been observed in electric-
ity prices and are the result of demand being very
close to available supply followed by, say, some
equipment failure. Congestion is observed on
telecom networks, and equipment failures leading
to outages have been observed. Thus we include
spikes as a feature of the link price proposal pro-
cesses. We define a spike to be a sudden increase in
price followed quickly by a similar decrease in
price. During the spike the mean for reversion is
altered to include the magnitude of the spike. This
change in regime is reversed when the spike ends.
The change in mean during the spike is because the
underlying cause, where this is equipment failure
or something similar, has changed the underlying
network. Thus the mean to which the price reverts
should reflect the underlying change. When the
underlying cause is fixed, the price and the mean
reverse their previous changes.

Spike sizes are modeled with a Gamma distri-
bution. This particular form is not important —
what is important is that spikes generate reversible
step changes in price. These discontinuous changes
in price fit into the unusual information or Type II
events in [20].

Price jumps are observed in oil prices, largely as
a result of the perceived status of OPEC. Given
that the owners of long-distance networks also
form an oligopoly, there is the potential for price
jumps. These may be local to a single link or more
general. We only deal with the simplest case of
independent effects on different links. Jump oc-
currences are modeled with a Poisson process with
a given rate that describes how many jumps are
expected per unit time. These jumps may be posi-
tive or negative, and again are modeled with
Gamma distributions.

4.1.3. Dependent link prices

The simplest form of dependence between
different link prices is to introduce correlations in
the driving Brownian motions for the long- and

short-term price variations, i.e., dZ and dW, be-
tween different links. We do not go into this in-
depth here because we want to highlight a much
more network-specific form of dependence: geo-
graphical arbitrage. Note however that the in-
troduction of a correlation structure across a
node allows us to trivially model the introduction
of a pooling point on a previously undivided arc.
If the new pooling point is actually redundant
and all demand and supply actually crosses it, we
can use perfect correlations in the driving pro-
cesses on both sides of it. This still permits sep-
aration of rare events on either side of the
pooling point.

4.2. Geographical arbitrage and liquidity

Geographical arbitrage is the term that has
been used to describe the existence of at least two
different end-to-end prices between two pooling
points joined by a single link at a given end-to-end
QoS. These two end-to-end prices may each be
formed from one or more links but will both
provide a required QoS level. Clearly in a liquid
market this situation will not persist, if all other
factors are equal. More precisely we offer the fol-
lowing definition.

Definition 1. A simple geographical arbitrage op-
portunity exists when multiple links can be sub-
stituted for a single link and when the total price of
the substituted links is less than that of the single
link. We assume of course that the QoS is equiv-
alent between the single link and the end-to-end
QoS of the substituting links.

Recall that a link represents an indivisible
contract. Not all contracts offered on the market
may be indivisible in general, thus we have the
following specification of geographical arbitrage.

Definition 2. A geographical arbitrage opportunity
exists when multiple contracts can be substituted
for a single contract and when the total price of the
substituted contracts is less than that of the single
contract. We assume of course that the QoS is
equivalent between the single contract and the
end-to-end QoS of the substituting contracts.
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Simple geographical arbitrage is important be-
cause it provides an immediate downward pressure
on the price of the single link. How fast this
pressure acts depends on two factors: how easy the
substitute is to identify, and how liquid the market
is. A decrease in the price of a single link implies
that some part of total end-to-end demand has
shifted from this link to the cheaper alternative
path. The increase in demand in the alternative
path should result in a price increase on all links of
this path. The question arising here is how to
quantify the effect the movement of demand from
a link to an alternative path has on the price level.

Now let us put all these ideas together. Let
(a,b) be a given link, i.e., an arc on which indi-
visible contracts are available in the market. Let
Aqpg be the set of all paths between a and b that
provide at least a QoS ¢. Now we set

pa=A{p |k € Aug},

where p' are formed from the observed prices for
links. With respect to geographical arbitrage the
next price observed in the market for the link (a, b)
at a QoS ¢ i8S puy, and is thus given by (we will
combine this with the stochastic process for the
link in Section 4.4):

Pasg = (1 + €S (4, Dig) Wy

where p/,, was the previous observed price on the
link (a,b) at QoS ¢. Here e™* describes how fast
the no-arbitrage correction f(p4,p,,,) takes effect.
The relaxation constant 7 is the quantification of
the system liquidity. The function f(p4,p,,,) en-
capsulates the degree of the arbitrage opportuni-
ties available relative to the observed price for the

X1 y)

(a) a

link (a,b) and the appropriate correction to the
link price. The no-arbitrage correction function f
also embodies the speed and extent to which ap-
plications and electronic agents can re-balance
flow in the network on the timescale of network
price development. Note that the prices on the
alternative paths will also be affected.

If the observed link price p,, is the cheapest
alternative out of p, then there is no arbitrage
opportunity and no correction takes place. We call
f the network function.

Let us now examine the case where there is just
one cheaper alternative path (i.e., one simple
geographical arbitrage opportunity). The correc-
tion on the direct link (labeled d here) from p, to p),
is the effect of a left shift of the demand curve by x
for this link. Remember that total end-to-end de-
mand is inelastic in the timescale we examine
(short, i.e., here, one day), so this same demand is
directed to the alternative path and added to the
demand of each link in this path, resulting in shifts
to the right by the same amount x, as shown in
Fig. 2.

Demand for bandwidth can be modeled with a
constant-elasticity function g = A(p)fE, where ¢ is
quantity demanded at a price p, E the price elas-
ticity of demand, and A4 a scaling factor. Sup-
porting evidence for the use of such a curve for
bandwidth is given in [18], but for the timescale
of our experiments a linear approximation
q = l;p+ m, is sufficient. This is because price
corrections resulting from geographical arbitrage
are small relative to the price level. So for each link
we compute /, as the slope of the tangent of the
constant-elasticity function at the current price.

s di

Fig. 2. Load balancing.
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Elasticity is uniform across links and can be esti-
mated from real-world data. Estimates from vari-
ous sources (e.g., Lucent Technologies and France
Telecom) regarding demand elasticity are given in
[18], with values ranging from 1 to 1.6 for a long-
term planning horizon (about five years). Elasticity
of demand is also discussed in [3], where hypo-
thetical values of 1 and 1.4 are used for a 5-year
horizon, the source of the analysis being Telege-
ography. Our timescale is much smaller and elas-
ticity of demand is generally inversely proportional
to the timescale. Values of E > 2 are plausible,
including the case of completely inelastic demand
where E goes to infinity. The scaling factor 4 can
be estimated from market data (price and trans-
action volume), but in the absence of such data we
assume A to be constant and uniform across links,
with 4 = 1.

We generally assume constant elasticity of sup-
ply, i.e., the market normally operates far from the
point of drying out, which is expressed as
g =Ilp+m,. On a short timescale, expanding a
network is out of the question, so the only relevant
factor here is the speed at which capacity supplied
on a set of ports at a pooling point location can be
altered. This depends on the network management
technology employed at the pooling points and in
providers’ networks. Given that pooling points will
employ the same or similar technologies for band-
width management and that total supply on each
link should be dominated by the same set of long-
distance providers, we assume /; to be uniform
across all links. Capacity offered at the pooling
points can be altered at the speed of bandwidth
management operations (very fast) and the incre-
mental cost of offering one extra unit of bandwidth
on our timescale is close to zero. Therefore supply
will be very elastic and thus greater than /,.

For both supply and demand elasticities more
accurate estimates can only be obtained from
market data, of which today there is not a suffi-
cient amount (hardly any for spot trades). There is
more information on long-term behavior of the
bandwidth market, which we utilize in the long-
run decrease of mean prices due to technology
advances.

We are now ready to resolve a simple arbitrage
case by treating demand as a network flow which

is conserved point-to-point, while allowing to shift
from the direct link to alternative paths so as to
achieve a load-balancing effect (see Fig. 3). The
result of the correction should be a state in which

n n
Pa — aaX = E pi+ g a;x,
i=1 i=1

where a = 1/(l; — I;) is the change in price re-
sulting from a unitary change in quantity de-
manded. In this state there is no more arbitrage,
hence no more correction takes place. Solving for
x yields

 Pd— Do Pi
X ="
aq + Zi:l a;

Knowing x, the price of the direct link is cor-
rected to p/, = p; — ayx and that for every link on
the alternative path to p; = p; + a;x. The effect of
this update mechanism, given our assumptions on
supply and demand, is a larger (absolute) correc-
tion for the more expensive links in a path than for
the less expensive ones.

Generally in geographical arbitrage situations,
there will be m > 0 paths connecting points ¢ and b
that are cheaper than p,,. Let x; be the amount of
network flow shifting from the direct link to all
links of path k € {A,,/(a,b)}. Note that if we
only permit x; to be positive this implies that we
allow substitution of alternate paths for the direct
link, but that we do not allow the alternate paths
to act as substitutes for each other. There may be
no end-to-end flow on a substitute path even
though each link may have flow. Thus in general
end-to-end flow cannot move from a multilink
substitute path to anywhere, which suggests this

Fig. 3. Shifts in demand described as network flows.
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restriction. Then the no-arbitrage state for the di-
rect link and k can be written as

m

m n n
Pa— aq g X; = E pi+ E aix; + E QpiXi,
=1 =1 =1

i=1, itk

where

A = Aijk = E a;

Jjekni

is the sum of «&’s for all links that paths k and i
have in common. The added complexity in the
above expression is necessary because paths will
generally not be disjoint. Also,

X,‘}O.

Let 4; be the arbitrage size (absolute difference of
proposed prices) between (a,b) and path k. The
no-arbitrage state can be re-written as follows:

m

(ad + Za,»)xk + Z (@q+ ap)x; — 4, =0
i—1 i1, itk
or

m

Z (aq + aw)xi — A =0,  ay = Z%

i=1 =1

We extend the previous expression for path k to
the following (m by m) linear system of equations,

for all alternative paths, using matrices:
Ax —b =0,

where

X = (x1,%2,..,Xn), x>0,
A=al, + (ay), i,je{l...m},
1, = (uy), uy=1 Vi,je{l...m}
and

b= (41,4,,...,4,)".

This is a linearly constrained linear optimization
problem. The form Ax = b, x > 0 is the form of a
standard Linear Programming (optimization)
problem, where Programming is meant in the sense
of method not computer program. A standard
reference is [2]. Linear Programming problems are
typically solved by either interior point (polyno-

mial worst case) or simplex (exponential worst
case but very good in practice) methods. There is a
practical problem, however, with the construction
of A because this matrix requires all simple paths
having a lesser length (price) than the direct link
Pay to be found. (Simple paths are those with no
repeated edges.) Efficient algorithms for the K-
shortest simple path problem, in the sense of
having polynomial complexity in the worst case,
exist with the most efficient requiring K known in
advance (e.g., [16,17]). However, there is a better
alternative that allows us to avoid constructing A
before we start the optimization. In fact using the
iterative scheme described below we avoid the
constraint x > 0 because it always holds implicitly
from our construction so our load balancing just
uses matrix inversion at each step.

Algorithm 1 (Iterative No-Arbitrage). Given: a
graph G of link prices; the direct link price p,, for
the direct link d. Put the expensive path set £ = d
and the cost of all (any) path in E is €(E) = pu.
do
1. find the cheapest path from node « to node
b. Suppose that this path cost is pne and
the path is cyex
2. if €(E) < puext then finish because no arbi-
trage possibility remains
3. load balance between E and ¢y updating
prices on all links in paths in £ and on

path cpex
4. E = E @] Chext
enddo

We now need to demonstrate that the algorithm
terminates and is correct. To demonstrate termi-
nation note that at each iteration one alternate
path that was cheaper that any path in the set E
enters £ and does not leave. G is finite so the al-
gorithm must terminate. At termination all the
paths in the set £ have the same cost and there is
no cheaper alternative. Thus no arbitrage has been
achieved and the algorithm is correct. We still need
to state how the load balancing and price updating
are done. This is achieved by applying the pre-
ceding equations, so we solve Ax = b at each step.
However the entering path is load balanced with
the paths in E at each step rather than load
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balancing the direct link with all shorter paths.
This iterative procedure implicitly ensures that the
final solution has x = A~'b > 0 without having to
impose this explicitly.

4.3. Feedback or truncation?

We have stated that we expect geographical
arbitrage and liquidity to alter the observed prices
on individual links. What we have not yet done is
to specify how this alteration will affect the price
process dynamics on individual links. There are
two basic alternatives: feedback of the altered
price into the price process, and simple truncation
of the actual process to produce the observed
process. These two mechanisms will produce dif-
ferent observed prices, and there are important
distinctions with respect to how price spikes and
jumps are dealt with.

Let us consider the specific case when a link
price process S is given by Geometric Brownian
Motion (GBM), i.e.,

dS =Sudt+ Sodw.

Note that in telecom commodities we expect u to
be negative. Now let us consider the Euler dis-
cretization, namely

S,‘Jr] = S,' + S,,LLAI + S,(TAVV,

(For our purposes we do not require a Milstein or
higher-order discretization scheme.) The last term
AW, is basically a standard normally distributed
random variable.

Suppose that we calculate the observed price to
be §’. Now if we use truncation there will be no
change in the above equation. On the other hand if
we feed back the observed price into the equation,
i.e., back into the representation of the market
dynamics we obtain

Siv1 =S + SiuAt + SioAW;

for the price at the next time step following trun-
cation. In this case the form of the equation, the
market dynamics, is unchanged but uses a different
starting point for the generation of the next price
proposal, namely, the next price is based on the
arbitrage-corrected previous price rather than on
the previous observed price.

We find the argument for feedback convincing
and use it hereafter in our normal price calcula-
tions. This leads to the combined link price process
in Section 4.4. Spikes and jumps of the link price
represent unusual situations or information in the
market for the link. Jumps are the simpler situa-
tion and if we use feedback then they are simply
included in the previous framework. Spikes on the
other hand are more complex because they incor-
porate the jump down from the unusual state as
well as the jump to the unusual state. Also, spikes
are of short duration even though this duration is
uncertain.

An example of how a spike happens is useful at
this point. Consider a single link which has a
current 50% utilization. Now suppose that half of
the traffic is price elastic, for example it may be
bought on the spot market, and half is price in-
elastic, such as longer-term commitments of the
providers. Now suppose there is an equipment
failure and the link capacity is reduced to 20%.
The price elastic traffic will consider the alternative
route prices and react accordingly, increasing
traffic on alternative (QoS-equivalent) routes as
determined by demand elasticity. However there is
an inelastic demand that is unmet by the remaining
capacity on the link. This will, for certain, take the
cheapest alternative route. Hence the effective
price for traffic on the single link is the cost of
providing service on the next-most-expensive al-
ternative. Thus, in this example, for the duration
of the spike the price for traffic on the single link
will move exactly as the price for the cheapest al-
ternative route. The realization of a price spike is a
truncated process rather than one with feedback.
There is truncation because the alternative prices
do not affect the underlying cause of the price
spike — an unusual event (in the sense of Merton’s
analyses [19,20]).

We can also model a spike in two different
ways. The first way we have already discussed as
a change in the price of a single link that results
in a truncated observed price. There is a second
type of spike that may be of interest as a way of
modeling a more general network failure. Sup-
pose that the spike moves the proposal price on
the link to S. Now consider all the alternative
paths with prices less than S, and set their prices
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to S. This could model the spreading effect of a
network outage. There are several alternatives as
to how to allocate the new price between the
links on alternative paths. The simplest is per-
haps to simply increase all of them in proportion
until the sum equals S. This is not necessarily
the end of the effect though. We may consider
the effect of these new link prices in a similar
way as to how we dealt with the original spike
on the first link. There would be a limit to the
propagation of the network outage at some
point, but the effect of a single outage could
spread widely. This type of spreading has been
observed in some network disasters, but we take
this as beyond the scope of the current work.

4.4. Combined price process

We have proposed two sources of price changes
for a link (contract) in the network contract graph:
an SRR stochastic process, and load balancing
following exploitation of geographical arbitrage.
We may combine both approaches to obtain the
following stochastic differential equation:

X = log($),
dX =n(X +GU —X)dt +odW + GdU
+HdAV +add4,

dX = —vdt+ pdZ.

These are the same equations as in Section 4.1
except that we have added a term o d4 to describe
the geographical (no-)arbitrage effects. This term
embodies the network function f described in
Section 4.2, and « plays the role of the previous
liquidity term 7 in the same section. d4 describes a
stochastic process that is zero whenever no geo-
graphical arbitrage effects are present. When geo-
graphical arbitrage effects are present, d4 provides
the appropriate correction to remove arbitrage
from the previously observed prices in the contract
network. The above equations express the fact
that market forces are acting at the same time as
arbitrageurs to remove arbitrage opportunities (by
profiting from them). Indeed they are part of the
market, merely modeled explicitly in this case.

In general arbitrageurs could take into account
expected movements of the market (as embodied

in E[n(X + GU — X))) in the size of their actions in
dA. The expectation here would be with respect to
the real measure as the underlying good is non-
storable. This would become more important with
low liquidity because then the timescale of their
actions would increase. We have not taken this
into account in our simulations in Section 5 be-
cause there we consider a high-liquidity market
although the simulation explicitly uses the equa-
tions given in this section.

5. Price development for a simple network

The combination of link price processes with
Geographical Arbitrage and Liquidity (GAL
hereafter) is new so we present a study of a simple
network to help build up intuition. We consider an
undirected triangular network in which two of the
sides start at the same price and the starting price
of the third side is varied over various simulations.
This is the most basic market setup where geo-
graphical arbitrage can occur, and gives an isos-
celes triangle with respect to prices. We vary the
ratio of one side to the other two between 10% and
190% so that the total price to go around the tri-
angle (at the start) runs from 2.1 to 3.9 in some
arbitrary price units. We also set the QoS offered
on each side to unity and the allowed QoS to two.
Thus there are always two alternative paths be-
tween any pair of distinct nodes. The parameters
used for these price simulations are given in
Table 1. In this simulation we consider a highly
liquid market so arbitrage opportunities only last
for the time step on which they are observed. New
geographical arbitrage opportunities may arise at
each time step but load balancing (demand shifts)
acts to fully remove them on each subsequent time
step together with the usual price drivers embodied
in the stochastic processes for the links. A trian-
gular network may appear too simple to observe
anything of interest but we show here that the
network demonstrates a rich set of features.

Perhaps the most important parameter is the
short-term volatility, which we examine over a
range from 10% to 200%. Spot price volatility
(day-ahead volatility) in at least seven current
markets for other non-storable commodities (i.e.,
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Table 1

Parameters for simple network experiments®
Parameter Symbol Value
Number of simulations per parameter combination 1024
Simulation length max 1 year (=252 trading

days)

Simulation granularity At 1 day
Price trend (time to halve) —v 1.25 years
Trend uncertainty p 0-40% per year
Short-term price volatility a 0-200% per year
Price reversion to trend (time to halve) n 3 months
Price jumps G None
Price spikes H None
Liquidity o 1

# Liquidity refers to how long arbitrage opportunities last before market forces (arbitrageurs, etc.) remove them. In this simulation we
consider a highly liquid market. Parameters when referring to equations reference Section 4.4. Note that common random numbers
were used across different parameter value combinations for variance reduction.

electricity) has been observed at more than 150%
and over 200% for five of them (CINERGY
INTO, ENTERGY, MAIN, PALO VERDE,
PJM, data source Power Markets Week, 1999).
One-month forwards were also observed at 45—
95%. Thus, for a non-storable commodity, the
high side of the range we are considering is per-
haps more realistic than the low side.

5.1. Arbitrage existence and net present value

Fig. 4 summarizes our results for the existence
of arbitrage, i.e., how much it happens in our
setup, and the Net Present Value (NPV) of these
arbitrage opportunities relative to the NPV of the
entire network. For all NPV calculations we use
continuous compounding with a constant 5% (per
year) discounting.

As expected arbitrage opportunities increase in
frequency with increasing volatility (upper panels),
be this short-term price volatility or the volatility
of the long-term price trend. Short- and long-term
volatilities have different effects both on magnitude
and on their relation with the shape of the net-
work. This may be because when arbitrage occurs
the price that is affected is the observed price S,
and this feeds back directly into the process for S.
Hence, when interactions with the long-term trend
contribute to arbitrage this long-term trend X is
not directly affected because it is S that is changed
by arbitrage. Also in our base configuration, i.e.,
with zero volatility, there is no arbitrage and hence

the long-term trend tries to keep it this way inde-
pendent of any arbitrage effects. There is no con-
nection between the long-term-trend price
processes so, if there was no arbitrage for them to
begin with, they can be regarded as attempting to
keep it that way. In short, the independent long-
term price trends on the different links act against
arbitrage.

The NPV of arbitrage opportunities (lower
panels) also increases with volatility to almost
2.5% of the NPV of the total network. This is true
even with the highly liquid market we are consid-
ering. Long-term price trend uncertainty — alone —
is insignificant in creating valuable arbitrage op-
portunities, i.e., less than 0.1% of network NPV.
This is probably because the scale of arbitrage
opportunities (i.e., their value) is mainly deter-
mined by changes in ¢ dW, and changes in X are
scaled down by the speed of mean reversion 7.

5.2. GAL effects on observed prices

Fig. 5 shows the percentage change in the mean
spot price after one year (252 trading days) and the
standard deviation of the observed changes in
prices after one year as a percentage of mean pri-
ces. We are considering a network in the form of
an isosceles triangle so we need to examine the
effect on prices of the two sides of the same length
(which we term the fixed sides, although their
prices change at each time step in each simulation)
and of the other side (which we term the variable
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Fig. 4. Arbitrage existence and value. Left panels: Here lines indicate increasing short-term price volatility (10%, 50%, 100%, 150%,
and 200%) at 0% long-term trend uncertainty. Note that the NPV of arbitrage opportunities (lower left panel) for a short-term price
volatility of 10% is indistinguishable from zero. Right panels: These display increasing long-term trend uncertainty (0%, 10%, 20%,
30%, and 40%) at 10% short-term price volatility. Note especially the different scales for the lower two panels. In all panels larger effects

are seen for higher volatilities.

side in that we vary the starting price ratio from
1:10:10 through 19:10:10, variable:fixed:fixed).

Note first that there is a change in the mean
price observed after a year even without network
effects (i.e., arbitrage induced load balancing). This
is a common phenomenon in stochastic calculus
for processes involving logarithms where volatility
affects the mean, and is even seen in GBM. It is
important here because it means that changes due
to arbitrage effects must be compared to a baseline
that changes with short-term volatility. This
baseline is indicated in all panels with light diag-
onal crosses.

Comparison of the left (fixed side) and right
(variable side) panels shows that the prices of these
two side categories behave differently, and indeed
even in opposite ways. There are two things going
on here, firstly there is the simple difference in side
lengths and, more subtly, there is the fact that two
of the sides have a common length. The impor-
tance of this changes with the ratio of the side

lengths. Clearly for very acute triangles either of
the fixed sides can easily cause arbitrage whereas
for very obtuse triangles only one side (the variable
one) can easily generate arbitrage opportunities.
Thus we should always expect to see most change
relative to the baseline with acute triangular net-
works. This is indeed what we observe in Fig. 5.
Generally the short side (heavy dots, right top
panel) becomes longer and the longer sides (heavy
dots, left top panel) become shorter. The scale of
these changes in the mean prices is very different.
In the most acute case the short side may increase
in price by 250% rather than decreasing by the
expected (baseline) case of around 5%, whereas the
long side simply decreases in price by 30% rather
than the expected (baseline) case of around 5%.
Note that the baseline case will always be the same
for the two different sides because when they are
isolated they behave exactly the same apart from a
constant term which, of course, drops out when
percentage changes are considered. Thus in the
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Fig. 5. Network effects on price development versus short-term price volatility (o) for the “fixed” sides (left panels) and for the
“variable” side (right panels). In all panels diagonal crosses indicate a network with no geographical arbitrage removal, i.e., isolated
links. Heavy dotted to full lines indicate increasingly obtuse triangular networks from {1 dots — 5 — 10 — 15 full line}:10:10. Note that
the vertical scales are all different. Upper panels: mean percentage change in observed prices. Lower panels: standard deviation of

changes in observed prices as a percentage of the observed prices.

most acute case, 1:10:10, the arbitrage effects push
the triangle towards 2.5:7:7 after one year. In the
most obtuse case, 15:10:10, after one year we see a
push towards 14:10.5:10.5. We note that, as could
be expected from symmetry, 10:10:10 appears to
be a stable configuration in that its observed mean
price changes little relative to the baseline. Recall
that while arbitrage effects may push towards a
symmetric situation the long-term price process
will act to maintain the original side ratio. Thus
the stable limiting configuration for non-equilat-
eral triangles will not be a symmetric 10:10:10
configuration but some balance of the two op-
posing forces.

Effects of price changes on standard deviation
are also mixed. There is a clear progression in ef-
fect with increasing side ratio. For the variable side
the standard deviation (SD) of the observed price
changes decreases in going from acute to obtuse.
The opposite is observed for the fixed side, which

approaches the baseline for increasing obtuseness.
The variable-side SD crosses the baseline and
continues to move away from it. With a very acute
triangle the (short) variable side is continually
pulled by both of the other sides through arbitrage
effects but this quickly decreases with increasing
obtuseness.

Clearly knowing the topology of alternate
routes is vital for understanding price dynamics in
a network, and we have here a quantification for a
particular limited situation. These results suggest
that network effects of geographical arbitrage on
price — and on price variations — can be at least as
important as the effects of the stochastic processes
that affect each individual link.

5.3. GAL effects on network NPV

Fig. 6 shows the effect of geographical arbitrage
liquidity on the NPV of a triangular network. This
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Fig. 6. Network effects on network NPV. Top panels show the mean NPV and the standard deviation of NPV (SD) for baseline,
isolated link triangle. Mean NPV is shown as a percentage of mean NPV with zero volatility. SD of NPV is shown as a percentage of
the mean NPV that corresponds to the same short-term volatility level. Increasing sized crosses show increasingly obtuse triangle
networks from {1 smallest — 5 — 10 — 15 — 19 biggest}:10:10. Lower panels show the additional effect of network effects (geographical
arbitrage and load balancing) on network mean NPV and SD of network NPV, i.e., the changes (“A’’s). The most acute-angled

triangles show the most extreme effects (different from zero).

NPV is the sum of the NPV for each edge of the
triangle. As before for price changes on individual
links, the baseline, isolated link, triangle NPV
changes (increases) with increasing short-term
volatility (right top panel). The difference between
different networks with different triangle ratios is
less significant than the change in NPV relative to
zero volatility, which is nearly 140% of zero vola-
tility NPV. The range of changes in network NPV
across triangle shapes is less than 10%. There is
even less difference with respect to triangle shape
for the SD of the network NPV in terms of the
mean NPV for the same short-term volatility.
The lower panels of Fig. 6 show the additional
effect of geographical arbitrage on network NPV.
For acute-triangle networks, there is a decrease in
mean network NPV up to 10% (left lower panel).
This gradually changes with increasing obtuseness
to an increase of more than 2% of mean network
NPV, maximizing at around equilateral configu-

rations and then gradually decreasing. Changes
only become significant for short-term volatilities
of 50% and higher. There is always a decrease in
the SD of the network NPV (right lower panel).
This decrease starts at around a 20% decrease for
acute triangles at 200% short-term volatility, then
becomes less pronounced at a side ratio of 10:10:10
before becoming more pronounced again to a de-
crease of 12% for very obtuse triangles.

Thus network effects affect the total NPV
around the triangle much less than the prices of the
individual links. The difference in the percent mean
price change for an individual link is up to 250%
both up and down, depending on the side you
consider, whereas for the total this effect is always
less than 10%. In some sense the triangular net-
work is, at least in the mean, a self-hedging in-
strument whereas individual links certainly are
not. The decrease in the SD of the network NPV is
easy to understand because whenever arbitrage is
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observed prices are moved closer together, de-
pending to some extent on liquidity. In these ex-
periments we used a sufficiently high liquidity to
eliminate arbitrage on the next time step after it
was observed. There is clearly a trade-off between
the value of the arbitrage opportunities and the
extent to which no-arbitrage affects network price
development. A lower liquidity would have in-
creased the value of the arbitrage opportunities by
having them last longer but would have reduced
the other effects.

6. Price development on network market

We used a realistic international topology (see
Fig. 7) to analyze the applicability of our results.
Specifically, we quantified the potential presence of
triangles of link contracts and their side ratio dis-
tribution.

6.1. Contract network construction

We will now construct a real-world version of
the graph of indivisible bandwidth contracts. As

today the market is at a stage of expansion and
transformation, there is no single data source at
present, certainly nothing like a topology of the
underlying link contracts. We are, however, in a
position where we can construct a plausible future
topology using information on commercial optical
fiber backbone maps, pooling point operator de-
ployment plans, and trades on the OTC bandwidth
marketplaces. The result is a map of what could be
offered by providers in the bandwidth market as
indivisible contracts.

We constructed the contract map by overlaying
several carrier backbone maps as starting point.
We then create an edge (or link) between two
pooling point locations A and B in our map if
there is at least one backbone that could connect A
and B without crossing any other pooling point. If
all possible network-level paths cross other pool-
ing point locations, A-to-B cannot be offered as an
indivisible contract. An example of this is Dallas—
London. All network paths would cross the New
York or Washington DC pooling points, therefore
Dallas—London is not an edge in our graph. The
backbone maps we included in the set of potential
providers are

Fig. 7. Combined contract network topology for Asia, the USA and Europe. Two-letter labels give city names, e.g., NY = New York,

HK = Hong-Kong. For construction see Section 6.1.
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e Williams Communications Global Network Ser-
vices Interactive Map, http://www.williamscom-
munications.com

e UUNET Internet Network Maps,
www.uunet.com

e AT&T United States IP Backbone Network
Map — 4Q2000 View, http://www.att.com

e Global Crossing Network Maps,
www.globalcrossing.com

e The Level 3 Network — United States and Inter-
national Route Maps, http://www.level3.com

e Enron Boardband Services United States Net-
work Map, http://www.enron.net

e Genuity United States Fiber Optic Network,
http://www.genuity.com

e Qwest Americas IP Backbone Map, http://
www.qwest.com

e Cable & Wireless Global N3 IP Backbone (3Q
2000) and European Ipergy Network Maps,
http://www.cw.com

e TeliaNet European IP Backbone Network — In-
teractive Map, http://www.telia.net

o AboveNet Global IP Network Map, http://
www.abovenet.com

e Onyx Networks Global IP Infrastructure Map,
http://www.onyx.net

e KPNQwest EuroRings Map, http://www.kpnq-
west.com
The set of 21 pooling points is a subset of

currently operating and planned locations, com-
municated to the authors by pooling point de-
velopers and operators (Enron, Lightrade)
combined with destinations that have been pop-
ular in the OTC market ([6]). This yields Tokyo,
Hong-Kong, Seattle, San Francisco, San Jose,
Los Angeles, Denver, Dallas, Houston, Chicago,
Atlanta, New York, Washington DC, Miami,
London, Paris, Milan, Frankfurt, Hamburg,
Amsterdam, and Stockholm. Even though the
map would look different for subsets or supersets
of the pooling points chosen, the current version
provides a useful view of the topology of the
underlying good. As a rough approximation of
an edge’s length we compute the geographical
distance between two locations using the Haver-
sine formula [4]. This method will generally un-
derestimate the actual length of a network
connection.

http://

http://

Some simple observations we can make are that
the USA are almost fully meshed, Europe to a
lesser degree, and USA—Europe even less. What is
not immediately visible, but relevant to our anal-
ysis — as we show later — is the fact that many
pooling points are clustered in relatively small,
densely connected regions (Asia, US West Coast,
US East Coast, Texas, Europe), with a few really
long edges from one local cluster to another.

6.2. Contract network topology

Using the potential contract map developed in
the preceding section, we analyzed the topology
for the presence of triangular subnetworks. Recall
that we found network effects to be most pro-
nounced with acute-angled triangles where the side
ratio was 1:10:10. We found 187 triangular sub-
networks. We found that if we allowed the two
“fixed” sides to differ by only 10% 86 triangles
remained (46% of the total). Relaxing this re-
quirement to 20% included 129 triangles (69%),
and to 30% included 175 triangles (94%). We used
10% bins to construct frequency histograms of the
triangle side ratio distribution for these three cases,
shown in Fig. 8. These ratios were constructed
from geographical distance ratios rather than from
observed prices. However, at least some network
costs are roughly linear with distance, and these
will dominate the mean trend (v) for long distance
routes.

The most immediate observation from this
subnetwork classification is that there is an over-
whelming number of acute-angled triangles (1-
5:10:10) and that this does not change with a re-
laxing of the requirement to be included. As this
requirement is relaxed there is the suggestion of a
second peak at very obtuse angles, say around
17:10:10. There are very few triangles with a side
ratio between 5:10:10 and 15:10:10. The reason for
such a high proportion of acute-angled triangles in
the potential contract network is simple. There are
concentrations of high-tech and population on the
East and West coasts of the USA with a few mid-
Western additions. Thus you get short sides within
such concentrations and much longer ones be-
tween different concentrations. The Atlantic and
Pacific Oceans only serve to reinforce this trend,



552 C. Kenyon, G. Cheliotis | Computer Networks 36 (2001) 533-555

40
30
=
3
5]
&
> 20 L
Q
=
]
=
o
g
&3
10

100 150 200

Side Length Ratio (percent of fixed)

Fig. 8. Triangle distribution in international combined carrier network with respect to ratio of “variable” side of isosceles triangle
to “fixed” sides. Darkest bars are triangles in which the two ““fixed” side lengths are within 10%, lighter bars are for 20% and

30%.

regardless of the difference in cost between land
and undersea transmission cables.

We thus conclude that the presence of a high
proportion of acute-angled triangles in the net-
work is a simple result of geography, and expect
this to be a very robust result. This implies that the
network effects of geographical arbitrage, which
are present whatever the ratio, will be very pro-
nounced because these are most extreme for such
topologies.

7. Discussion and conclusions

We have introduced a method for constructing
telecom commodity spot price processes that re-
flects their unique characteristics. The commodity
envisaged is point-to-point bandwidth between
pooling points. This model is applicable to price
forecasting in a network context, valuation of
network infrastructure applicable to investment or

swapping, and as an input for pricing derivative
contracts.

Three factors combine to produce the prices
observed: link price stochastic processes, geo-
graphical arbitrage, and liquidity. Geographical
arbitrage affects observed prices by shifting de-
mand to cheaper alternative routes at equivalent
QoS. We examined a simulated price development
over one year (252 trading days) on a simple tri-
angular network with varying side length (price)
ratios using realistic parameter estimates. By con-
structing a projection of the future market topol-
ogy we demonstrated that acute angled triangular
subnetworks (1-5:10:10) are an overwhelming
majority. This, in fact, is a direct consequence of
geographical concentrations of high-population
and high-tech areas.

We showed that geographical arbitrage would
be a common feature of even highly liquid markets
occurring up to 35% of trading days. The effect is
most pronounced for highly acute-angled trian-
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gles. Short- and long-term volatilities lead to dif-
ferent quantitative and qualitative network effects.
We used short-term volatilities up to 200% of the
individual link processes, which were mean re-
verting with negative drift, so the actual observed
short-term volatilities, without network effects,
only went up to 80%. Arbitrage NPV was up to
2.2% of network value with high short-term vola-
tility, but is insignificant (less than 0.1%) for long-
term volatility (p) up to 40%.

In the simulation, prices for network links de-
creased on average to reflect decreasing technology
cost (v). Changes in mean prices for network links
were altered by network effects (geographical ar-
bitrage) and the difference increased with increas-
ing short-term volatility. The price change could
be in either direction depending on the triangle
side ratio and which side was being examined. The
volatility (standard deviation) of the observed
prices was almost always decreased by network
effects and this decrease could be up to 50%.

Total network value (NPV) over one year saw a
decrease up to 10% with acute triangles and an
increase up to 3% for equilateral triangles owing to
network effects. Volatility of network value
showed a consistent decrease up to 30% with the
least decrease for mildly acute triangles (5:10:10).

Link price processes are inspired by jump dif-
fusions used in oil and electricity. The major dif-
ference is the explicit inclusion of geographical
(no-)arbitrage terms that express effects of network
topology on price dynamics. No previous work
includes network effects explicitly in price dy-
namics. We consider short- and long-term
dynamics in a similar way as to [28], who had
short- and long-term variations (or alternatively a
stochastic convenience yield [26]). This is also
similar to the Pilipovi¢ model (described in [30]
and used in [8]). A difference to previous work is
that we take the mean drift of the long-term dy-
namics explicitly negative. Because of technology
advances, prices on average decrease rather than
increase. The other additional new factor relative
to these sources is the addition of jump and spike
terms similar to [13] and especially regime
switching models [1,10-12]. We expect spikes to be
much more important than price jumps. In the oil
price, jumps are basically the result of changes in

the status of OPEC and different states of this
status may be prolonged. In bandwidth it would be
legally difficult for the oligopolistic providers of
the resource to create or sustain cartel pricing. In
electricity, and possibly in bandwidth, spikes are
usually the result of a lack of overprovision for
peak demand of the resource combined with either
equipment failure and/or some correlated increase
in demand (weather for electricity and probably
seasonal, e.g., Christmas, for bandwidth).

Geographical arbitrage is a new factor for price
dynamics not seen in other commodities. We use
load balancing with economic arguments to move
out of arbitrage situations, and thus have a net-
work effect on link prices.

Many applications of this work are possible,
some of which we have already illustrated in our
results: valuation of network infrastructure, design
of network asset portfolios, decision support tools
for network expansion or new pooling point lo-
cation, and price scenario modeling. For example,
recall that the value (NPV) of all three sides of a
triangle is almost self-hedging with respect to
network effects. Without a method to generate
price scenarios for network infrastructure, no
quantitative optimization is possible and that is
also an application of the current work.

Clearly modeling spot prices is only a beginning
for network commodities. A vital next step is to
extend this work to forward markets as has been
done for electricity, e.g., [11,21]. The extension is
non-trivial to the extent that a commodity is non-
storable. Instead of deriving the forward curve
behavior from the spot price it is necessary to
model the forward curve development explicitly
and the spot price is just the shortest-term for-
ward. Forward markets are expected to be larger
and more active than spot markets, as is true for
most commodities, and indeed already exist to a
limited extent for bandwidth. Another extension
to this work is going into more depth on effects of
rare events linked with QoS constraints.

In conclusion, we have proposed a method to
model telecom commodity prices taking into ac-
count network effects inherent to bandwidth
markets. These network effects produce highly
significant changes in price development and net-
work value. These changes depend on network
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topology for both sign and magnitude. Compari-
son with a plausible future network topology de-
rived from more than 10 major carriers (e.g.
AT&T) and new entrants (e.g., Level3, Enron)
showed that extreme topologies, from a network-
effect point of view, will be common. This model is
applicable to price forecasting in a network con-
text, valuation of network infrastructure applica-
ble to investment or swapping, and as an input for
pricing derivative contracts.
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